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, ,.
This report.discusses. the various methods that have been Koopsed
Or used for obtaining estimates of health charaZteristics for local
areas. Particular emphasis is given to discussion and'cvaluation_ok

'synthetic estimation procedures . developed -originally at ; the-
National Center for Health Statistics for purposes of estimating '. s
levels of health characteristics Obtained from the Health hiferview , i
Survey for each State and the District of. Columbia. - .. I,
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PREFACE

1 , .

The investigations on whiclr this report is based.have been iupported by cori
tracts between the Measurement Research Laboratory, Office of Research,
National Center for Health'Statistics (Num), mid the School of Public Health,

;University of Illinois at the Medical Center, Chicago. Dr. Monroe a Sirken, .

Associate .Director for Mathematical Statistics, NCHS, served as project officer.
for the Center on tbese investigations. Dr. Sirken and Ms. Patricia. Royston, -
mathematical statistician, Office of Mathsnatical Statistics, NCHS, provided .'
considerable input throughout .the course of this project. Dr. Wesley' L. Schaible
and Dr. DWight 'Brock, Office of Research,. NCHS, reviewed an earlier draft -of .

this report and made many helpful su estions.::. M .
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SYNTHETIC ESTIMATION
OF STATE HEALTH CH ACTERFSTI,C6

o

BASED ON THE HEALTH I tERVIEW SURVEY

' Paul S. Levy, Sc.15, Schobleof Public Health, University o
Dwight K. FrenclOtatistical Methods Staff

tin, at the Medical Center,' Ohicago, and
nal C er for Health Statistics

INTRODUCTION -staff
t , .= mate

Statisticians, demographers, economists, and esti,
others have long been aware of the critical need grap
fot accurate small area statistics: While the U.S... tion
deCennial. census ptovides accurate local statisz . the s
tics, of many characteristics once every10 years, for
the accuracy ofAthese statistics becomes ques- estim
tiOnable as time elapses from the last census and, estim
in addition, characteristics other than those a p
found .on the census questionnaire are often of 30

'desired. . if a h
Although ' a 'rather extensive, system of the tr

ongoing general purpose surveys is conducted by blacks
Federal agencies, they are almost alw-ays white
designed to produce estimates for the United popul

0 %+

This prScedure obtains small area esti-
characteristics by combining national
of the characteristics specific to demo;
bgroups with estimates of the propor-

butien of the local population into
ups. The subgroups would be chosen
'relevance to the characteristic being
For example, if it were desired to
e prevalence of the sickle cell trait in

county having racial distribution
nt white and 70 percent illack, and
etical national survey estimated that

prevalent among 10 percent of U,S.,
virtually nonexistent among U.S.

s, 'would estimate,that 7 percent of the
the- County had the trait (30% X

7 10%). This is a synthetic estimate.
tage of the synthetic-estimation
loch' estimation are its intuitive
plicity, and its low cost ,relative to

ct of -the _local population. A major
van 's its -lack of sensitivity to certain
ch ristics. For example, in the above

rati may happen that the white popu-
n area are all of Mediterranean des-
an more than a negligible amount of
ns e sickle cell trait.

arch on the synthetic estimation
edu emerged-since an NCHS report on
etior ates of diiability for' States was
shed`, 968.1 The purpose of this'4.eport
ex e critically the various inethads for

States as' a whole or, at most, for rather large
geographic regions or divisions. For reasons of
sample size and design, direct estimates,for such appr
subdivisions as cities; counties; States, or other appeal
minor civil divisions, which are so critically- . a dire
-needed, can rarely be obtained from these sur- disad

localveys.
- The National Center for Health. Statistics; illust
one of the Federal agencies responsible for main%. latio
twining a system of sample surveys and other"""` cent
data collection systems, his long recognized thoW 'perso
need for)3ood small area statis)ics,.hild for the M
past decade has investigated alternate strategies . proc
for obtaining such estimates. In particular, synth
NCHS has developed a procedure known as publi
"synthetic estimation" for obtaining small area is to

q



obtaining local estimates that are in the litera-
ture and, in particular, to examine synthetic
estimation from a methodological point of view-.

REVIEW OF THE LITERATURE

The need 63r methods of obtaining valid and
reliable estimates of characteristics of local
populations has been recognized for a long time
by statisticians and demographers. In particular,
much effort has been expended by statisticians
associated with the U.S. Bureau of the Census
and their contractors, 'especially in the use of
symptomatic vadables such .as births, ,deaths,
and school enrollment, which are available on a
local level, to measure changes in population size
since the most recent decennial census. Methods
such as the vital, rates' technique, censal ratio
method, Census Bureau. Component Methods I
and II, ratio correlation method, and others have
been described extensively in the literature.2
Basically, these .methods use the relationship
between the population size of the local area at
the most recent census and the measure of the
symptomatic variable or variables fOr that year,
in conjunction with the value of the sympto-
matic variable(s) at the date for which the esti-
mate is desired, to produce the desired local
estimate of population 'size or change. An
elaboration of the use of techniqCies based on
symptomatic variables has been developed
recently by Ericksen." His elaboration involves
use of sample data from the Current Population

.Survey in .conjunction with symptomatic vari-
ables to obtain estimates of population size for
local areas. . ,

Although -health statisticians have long felt
the need for valid and reliable estimates of
health characteristics for local areas, only in the
pascdecade has serious attention been given to
the 'development of methOdology for obtaining
local area estimates. of such health characteris-
tics as morbidity, 'mortality, disability, and

, utilization of health care services.-The methods
"developed by demographers for estimating local
population sizes Could not, however, be directly

. applied to the estimation of health characteris-
tics fox local areas; hence,, methodology for
estimating health conditions for local areas has
developed along different lines from those

discussed above for local estimation ofopula-
tion size. ' ;

A major advance in estimation of health
characteristics for local areas came with an
experiment' conducted by Walt ,R. Simmons
and his staff it the National Center for Health
Statistics (NCHS) during the mid-1960's and
published in 1968.1 In this-experiment, three
different estimation techniques were used to
pro4ce estimates of long- and short-term dis-
ability for each State in the United States for
the 2-year period beginning July 1, 1962, and
ending June 30, 1964. The NCHS data used for
estimating disability were from the Health Inter-
view Survey (HIS), and the population data were
from the Current Population Survey Cipdate of
the 1960 Decennial Censta.

One of the methods used was proposed
originally by Woodruff to produce local esti-
mates of retail trade;6 the other two, namely,
the synthetic estimator and the nearly unbiased
estimator, were developed at NCHS. Thesu
methods will be discussed in greater detail. 01
the three methods investigated, the -synthetic
estimator was judged to be the most promising
for estimating disability on the State level, and
the estimates finally published' were obtained
y this method.

The NCHS publication synthetic
estimates of disability' seemed to stimulate
further efforts to apply and evaluate syrithe,tic
estimation. Within NCHS, an evaluation of the
synthetic estimation procedure was conducted
in which synthetic estimates of death rates in
1960 from four causes (motor vehicle accidents,
major cardiovascular-renal diseases, suicide, and
tuberculosis)- were calculated for each State and
for the District of Columbia.? These synthetic
estimates of death rates were then compared to
the known true death rdtesfor each State and,
in generil, agreement between svithetic
mates and true death rates was good' for one of
the causes examined (major cardiovascular-renal
diseases), fair for another ('suicides), and poor
for the other two (motor vehicle accidents and
tuberculosis). The general conclusion from the
study was that the validity and reliability of
synthetic estimates might differ from character-
istic to characteristic.

As part of the NCHS study of death rates, an



alternative estimation procedure was developed.
The resulting estimator, called the regression- -%
adjtisted estimator, uses the synthetic estimate

cqmbination with ancillary data available on
the Skate level and thought to be correlated with
the health characteristic to bye estimate44.7
estimate, for at least one of the causes 'of -death'
examined, seemed to be an improvernent over
the synthetic estimator..

After the NCHS publication on synthetic -
estimates Of disability, the Bureau Of the Census
produced synthetic estimates of unemploSynept
rates and number of 'dilapidated .housing units
that had all plumbing facilities for States,
SMSA's, and counties.9-19 In addition, ektensive
studies were undertaken to evaluate the syn-
"thelic estimates. An important result of these
studies was the emergence. of a criterion, called
the average, mean square error (AMSE), as a
proposed measure .of the accuracy of a set of

_ synthetic estimates, and the development of a
method for estimating the AMSE 9,1 These
methods will be discussed in greater ,cletail later
in this report. .;

Most s recently, Namekata, Levy; add
O'Rourke" investigated the use of syrithetic
estimation in ohtaining estimates of complete
XI partial work disability for States based on
data from the 1970 census. The synthetic esti-

' mates were obtained' and compared with the
direct estimates that were available from the
.1970 Decennial Cenius for each` State. Their
general conclusions were that The synthetic
estimation technique was fairly good for partial
work disability but fairly poor fox.' complete.
work disability.

ALTERNATIVE ,METHODS OF
OBTAINING 'ESTIMATES

Background

O

In addition, we will discuss an estimator, called
the regression-adjusted estimator, not considered.
in the original investigation but developed in a
later study.? \-i

One of the problems in, obtaining estimates
for States of health characteristics based on HIS
data is the fact that the basic design of the HIS
does not lend itself to unbiased estimates for
Sates. In .the basic HIS designe a primary sam-_
piing unit (PSU), which is generally'a county or
SMSA, is chosen to represent a stratum consist-
ing of one or more demographically similar
PSU's. Those strata consisting of more than one
PSU are called non-self-representing strata, and
their component PStf's may not be from the
same State, althoup they would be from the
same census region (Northeast, North Central,
South, or West). Thus, the estimate from a sam-
ple PSU when inflated to represent the entire
stratum. might cut across State boundaries, and

-lince, it would be impossible to combine the
unbiased estimates for strata into unbiased esti-
mates for States. ,

Nearly Unbiased Estimator

One of the methdds considered in the origi-
nal NCHS investigation is called the nearly un-
biased estimator and yields an estimate for .,a
State that is technically nearly unbiased. Basi-
cally, this procedure takes the usual HIS °stratum
estimate for an aggregate and MlOcates it to a,
State in relation to the proportion of the total
stratum population coming from the 'State. In
other words, the nearly unbiased estimate A!
the mean le,v'elvof characteristiC X for State s is
given by

where

/E ;
=

J. 1

In the original NCHS investigation of . Xi = unbiased HIS estimate 'for the mean level
' alternative procedures for small area estima't'ion of X for stratum j,

of health characteristid from the Health Inter-
view Survey (HIS), several procedures were con-
sidered.' In this section, w% will discuss in detail
two of the methods, namely, ,the -nearly
unbiased _estimator and the,synthetic estimator: =the number of persons in State s,

r

121.. E its/.
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.1

=E ns,;

= the number of persons in that portion of
stratum j which is in State s,

n :Is = the number of persons in the jth stratum,
sth State, ith,_ PSU; s=I,..., S;
i= and

the number of PSU's in stratum j that are
in State s.

Some properties of the nearly unbiased estimate
Xs are given below. The proofs are presented in
appendix I.

Xsii = average level of characteristic X
portion of State s whichia
stratum j.

that -
SU i of

Lemma 2: The bias .B(Tes) in the nearly un-
biased estimate 17; cah be expressed
by

rt

(x. -xJ s. s,. )
B(xs)=E

or equivalently by

Lemma 1: 'The expectation E(i') of the nearly
n 'Si nunbiased estimator rs, is given by B(g.'s) = E E - 212. x (4) 'tn / n . sy1=1 .1- 1=1 si sj.

. where

fi(es)= ns'. (2)
j =1 .s.. Lemma 3: Let us assumelhat the ratio

is the tame for all PSU's in thatame
State, which implies that

S n .37;
=- .1. nj..

s=1
.

average level of X in stratum j,

s

n.1. n.1. sj.s.t
= number of persons in stratum j,

is] n .iXs.;
X51..= .nsj

Theorem 4: If = 1 f or i=1,...
9 / 1 then= average level of X in that portion of nsi. Isi

37

stratum j. which is in State s; and t B2 (rs), the square of the bias in
rs, is given by the expression.

i
. .

ts 1 _7 tor s 1, ..., /si, / (5)n.q si

Then the bias B(Xs) in the nearly unbiased esti-
mateXs has the form given by.

n 1;i
B(

=.E s _i. E
J.1

(6)

02 n2 Is;I
n2'(;) E P+E-II:(7Y--X )2 + Ecf-Tc i)(5C -5Cs'),2 j s). 2 p . . .1. s1 l:ja 1 ns s :J. ns.. sj =1 <

4

.

E nsi -sk E (g.J-k-511)E 7)
J. 1 k Si fir,. Isilsk, i =1 . la

Jo
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Table A. interpretation of the components of the same of the of the "needy" unbiased astim t.

Component Interpretation

J
21. E ar4-xj)

2. 2, 2

r

0 0 /4
`3. 2E E E re,) E

/71 k<rnsisilsk i =1 i-1

1 2 is/
, 4. 2 E-- E asp- 17.j) asir

jeskd

Represents difference between the &rage level of X for a stratum
and the Aeries level of X for the portion of the straum that is in
State s.

Represents variance in X aniline PSU:s belonging to thi same State
epd stratum.

Represents a "binween-strata" covariance,.

Represents a lietWeen-PSU" covariance.

I

where

1 VI 12.

Theorem 4 implies, that under the condition
all PSU's within thee
to the'sarne Sate;
e nearly unbiased

drporients speck
fled in table A.,

It can be shown that the third compOnent
of B2 (X;) can be transformed to teequivalent
algebraic form given by ,

4

./
n k .

2E.E n
:

e
sn2i k"1 <l s..

. Thus, an equivaleill expression for-the square of
the bias in the nearly unbiased estimate Xs is
given by

6

that n p-int. is the same fors
same stratum and belongi
the square of the bias -

estimate 1.- consists of

. t

Variance and mean square error of the near-
ly unbiased estimate.The- vrance ot can be
obtained 'directly from it§ definitional formula.
This is given by

.

t,: '-, I .71 2,
. ;

s,.
(9)

2

2 r., xs im I ns.. i

'where,; is the variance of P. the imbived
3,

,.estimate of the mean level of X in tratum j.
c If follsovii that the mean s e error MEN.
df the nearly unbiased esti ate X's is given by

°, MSS)? ..4. + B2 ix-)
, , s ., ,
t .

L

IV -CM 4.
s.

is

ven by relation (9), and if (X;)

tiOn 8) (under the condition
that n =

Evaluation of the nearly unbiased esti-
.mator.In the originil CHST-ingestigation of

stimates, the nearly* methods for, obtaining to

. / n2. 02_ / n2.
,

n
B2 (Xs) = E + E. 0 E sj.sk.

Si. 41.1.1 n2 , slA

t .). . .

44.

n2, Isi
+2 E :JAE , .rxt).4x ye

ti:,./4 0.1 r<i
_

PI* '

.

.

(8)

./.
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unbiased estimate did not emerge as the method
of choice for producing these local area HIS esti-
mates of health characteristics primarily because
examination of the estimates produced by this
method showed 'evidence that they were ttri- ,
stable.'

. A later study was performed' at NCHS to
determine- the -extent to %which the nearly un-
biased, estimator might be biasedjfie data baste

eechosen for this study was mortality data in 1960
fox he 42 States in he_North Central, Sot's. th,
and West ,Regions of the United States. In par-
ticular, na.4e unbiased estimates of total
deathsIdeails from motor vehicle accidents, and'
deaths from major Cardiovascular-r9a1 diseases
were obtained -from each State 'usingrthe same
stratification that is used in the Health Interview
Survey. TOese nearly unbiased estimates were
then compared with the true number of deaths
in each State in the three regions examined, and
the biases, of the estimators wert 'evaluated by

the percentage absolute difference 100ITC
-s

:-TCs
Table B. Drstribution of percentage absolute differences between

the 'nearly unbiased estimate and the true value among 42
States in the North Central, South, and West Regions for total
deaths, deaths from major cardiovascular-renal diseases, and
deaths from motor vehicle sccsdents, 1960

'Percentage absolute difference
between nearly unbiased
estimate and true value

Cause of death

All
- causes

Major
cardio-
vascu-

lar-
renal
d is-

eases

Motor
vehicle
acci-

dents

1.0.1.9
2.0-2.9
3A-3.9
4.0-4.9
L04.9
41049
00-7.9
8.0-8.9
9.04.9

Total

. p.

pera lute dif-
fer-if-Wm-- 4

Frequency

42 n 42 '42

16 15 -12
6 8 -6
6 5 s4
5 3 1

1 2 3
1 2 3 -'

2 1.
0 1 .2
2 o' 5

4 5

Percent

1.78,11 1.70

ti
The distribution of percentage absolute differ-
epee is given in table B..The metlian percentage,
,absolute differenc'e Was 1478 .percent for total
deaths, 1'.70 percent for major cardiovascular-
renal deaths and 2.70 percent for motor vehicle
accident deaths. Thesmall biased. obtained from
this empirical study would yield the interpreta-
tion that for the stratifiCation used in HIS, the
nearly unbiased estimator is in fact an estimator
having small bias.

However, in a given year,. the number of
households interviewed in a particular stratum
might be quite 'small for the Health Interview
Survey. It siert6erefore,, anticipated that al, andx
her? A, the sampling variance of the nearly

xs
unbiased estimator might be quite large. In addi-
tion,. .the a2x, are difficult to estimate from the

. data.' Hence, in terms of sampling variance, the
nearly unbiased estimate s might not b'e the
. method of choice.

Synthetic Estimator

Background. The other method for obtain-
ing local estimates of -health characteristics
inves4gated in the original NCHS study' is
known Its synthetic estimation and was the
method finally chosen, for- producing local esti-
mates of HIS health characteristics for States in
1963-64 and ,again in 1969-71." The underly-
ing ratiSnale for, synthetic estimation' is that the
-distribution of a health characteristic -does not
vary among populations' of States except 'to the
extent that States vary in demographic composi-
tion. In other words, the method assumes that
the incidence or prevalence of a, health charac-
teristic would be the same for two States if their
composition were the same with respect to such
demographic variables as age, sex, race, family

/Income, family' size, place of residence, and in-
dustry of the head of the family.

Conceptually, synthetic estimation uses the
modeligiven by

= E esaicf
a a 1

7 t."where

2.70 = mean level of characteristic X for the:sth
State,

(10)



Ps.= proportion bf the population who are
members of population cell a (alpha),
which is the socioeconomic demographi-
oally bounded 'class of specified age, sex,
race, income, etc. The sum over all a cells
of Ps. = unity. . *°--

,:= mean level of characteristic X for persons
in cell a in the United States as a whole,
and

k = number of a cells utilized.

In the original NCHS investigation, the Yea
were national bstimates of HIS variables for the
period 'July 1962-June 1964. The-' population
estimates P' were obtained from tabulations of
a 5-percent sample questionnaire ok the 1960
Decennial CeniUs of population for the 50
Stites and the District of Columbia. The popula-
tion a cells were defined by cross-classifications
of the following variables:

1. Color: white; allother-

2. Sex: male; female

3. Age group: under, 17 years; 1744 yeirs;
45-64 years; 65 years and over

4 Residence: standard metropolitan statis-
tical area (SMSA)-central city; SMSA-
not central city; not SMSA

5. Family income:. milder $4,000; $4,000
and over

6. 'Family size: fewer than seven members;
seven members or more

7'. . Industry of head of family: Standard In-
dustrial., Classification 'codes 1 thrdugh
17. (Forestry and Fisheries, Agriculture,
and Construction) and codes 19 and over
(All Other Industries)

The, 384 poSible cross-classification sells,,Were
collapsed to 78 sothat reliable estinlites could
be obtained from the Health Interview -Survey
for each a'cell. (

,For the synthetic estimates for ,the years
1969-714 HIS data from the three surveys of,
1969,1970, and 1971 were used to obtain die
rates 'or' percentages of the health characteristics.
measured. The populations of the 50 Stites and
the District of -Columbia were obtained from a
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sample described, in a publication' Of the U.S.
Bureau of the 'Census entitled Public Use SaM-
pies of Basic Records From.the .1970 Decennial
Census, .Description and Technical Documenta-
tion, published in 1972. Of six such samples,
the One used was-the State Public Us r Sample
'from the ,5-percent questionnaires. Ptersonilir
the military. or_confined to institutions were not
included in the population estimates produced
for each State. Thus the restriction of the .ffis
samples to the civilian noninstitutionalized pop-
ulation -was carried over to these synthetic esti-
mates. Of the seven variables used a, produce
the 78 a cells for the,original report onlir six
Were available in the Public Use Sample used to
prOduce these synthetic estimates. The variable
that was not available was residence in standard
metropolitan statistical areas. The six variables
can produce .a possible 128 cells of data. These
were collapsed to 50 a cells for which reliable
national_ estimates from the Health Interview
Survey could be provided. 'A regional adjustment
(as specified below) was employed for the State
estimates within each of the four geographic re-
gions of 'the United Stiteto snake these esti-
mates consistent witiv the regional estimates
produced by, the probability design of the
Health Interview Survey.

In sunimary, the synthetic estimates pro-
duced for HIS health characteristics -for the
years 1969-7113 use the same basic method'as
was- used in the original NCHS investigation.
However, in addition to estimates of long- and
short-term disability, estimates of utilization
of medical services were provided as well as esti-
mates for subdornains of the population of each
State (age, sex, color, and family income). Also,
a methodology has been developed for providing
sampling.variariees of synthetieestimates. .

Detailed Synthetic estimate.The.detailed
, synthetic estimate X., of the mean level of ?e,-

characteristic X for State s is given by

$

where

Xs = final synthetic estimate of the mean level
of Characteristic X for State s,

et

v
Xs 7.y.,

E xtPrt

<or =



X,' .= the usual HIS final estimate of the mean
level of characteristic X for region r
(where region r contains State s),

= proportion of the population (from the
1970 Decennial Census) of region r which
is in State t (t=1,..., 74),

T = number of States in region r,

, Zsm E Psaa
an]

= first-stage syhthetic estimate of character-
istic X for State s,

34,1 = final HIS estimate of the mean level of
characteristic X for demographic cell a for
the United States;

P's,,= estimated proportion of the 1970 popula-
tion in State s belonging to cells (as esti-
mated from ,the 1970 U.S. Census 1-
Percent Public Use Tapes), and

kg; number of a cells.

Synthetic estimates for subdomains
. (age, sex, color, and income) are given by the

estimator

'where

s.,

tit

4

Efs,:t (12)

= the fmal synthetic estimate for the mean
level of characteristic X for. subdomain u..
within State s,

P,exItfs,,tett*

= prelhninary synthetic estimate for the
mean level, of characteristic X in sub-
domain u of State Sr

= the estimated proportion (as estimated for
the U.S. Census 1970 1-Percent Public
Use Sample Tapes) of the populatiokof

State s belonging to veil a, and

fru

= the estimated proporti \dn of the popula-
tion of State s belonging\ in subdomain u,
except for-synthetic estimates of work-
loss . days per pepon per year -in age
groups. By defintion, 'HIS excludes all
persons under 17 year of age from the
employed population. Therefore, the fac-
tor fs in the denominator of the ratio ad-
justment for these statistics is redefined as
'the estimated proportion of the plipula-
tion age 17 and over in State s that be:
longs to su domain,(age group) u.

b'The synthe c estimates 'for subdomains as
giveh by equation (12) are ratio adjusted so that
the aggregates are consistent with he final syn-

ThItic-estimates for the State as a ihole.
The a variables were limited to those listed

below: .1 , . ,

Color: white;"other.thanjtvh*.
Sex: male; feniale. ,

.

Age group: under 17 years; 1'7-44 years; 45-
64 years; 65 years and over. ' .

Family income: under $5,000; $5.,000 and
over.

Family size: fewer tbjan seven members; -
seven members or more.

Industry Of head of family: Standard Indut
trial Classification Codes 1 through 17 (agri-
culture forestry, fisheries, mining, and con -

suction); 18 and above (all others).

The 128 cross-classification cells produced by
these variables were collapsed into 50 a cells
for which reliable national estimates from the*
Health Interview g'-aiy could be made.

nrhe ratio .adjustment x;/E P t was in-
ea.

cluded in order to reflect a regional component
in final estimates. It is the ratio of the published
regional figure to the preliminary, derived re-
gional rate calculated from the State estimates.

Estimation' of sampling errors 'of-synthetic
estimates, for HIS characteristics 190-71.-The



synthetic estimates' presented for_ the 1969-71
HIS data are subject to sampling variability from
two sources because they are based On HIS esti-
mates and estimated population _proportions.
(When synthetic estimates are computed from
known proportions and population means they
are not subject to sampling error, since there
would be no sampling involved in the synthetic
estimation procedure.) The sampling variance of

..4 synthetic estimate (ignoring the regional ad-
justment) is given by

cri = Var.(E 'i,',X) 7- E .Var (Pi'.5C-- )
x s a =1 a=

+ 21E Gov (Ps. , rs. Te..) (103)
a<a'

Theorem 5: If the Psa are independent of the
X., then the variance of X. given
by equation (13) reduces to

k
u2 p2_ 02 + E r c (1 - P s.) P;

:Z1 sa Xa ns a=1

-0 2 E psaps.,,c9v (ye. , XL') (14)

'*\
a < a

/
The first and third tends of equation (14),

represent the variance of Xs if the /1 were not
subject to sampling variation. Thus, the effect
of sampling variation of the P:s4 on a2 is meas-

.. Xs

for large values of n .

lured by the'expression

k

_ E Nt Ps. (1 Ps.).ns cool
(15)

t

kE + 2 t Pss, Coy (X. , Jest.)
1,2_ a. a'-<a

s

[4 (7 s)] 2

If Pr '''rtnirinlum si , ,..':, A -
,,

.,-; ,..,

variance of Xs, we have,'

v2

But

E P.Fa (12, +
a =.1 Xa

"Rd-

sal) a, Gov (X: , .r.)

[Eqs 2

.
1

E xg psa Psa]
s a= 1

[EA)] 2

'- 1 1)sa
...Qp Kt) ,v2 p2

a sa
Psaa = 1

2

<---t 2, (17.Psa <[L PPm pm sa a
1 Pr r--,k 1- Pr 1.,

s q=1 s aa 1

and

Sm.

therefore,

h

E(Xs) = E Ps,:Y..;
a= k.

1

E 3IF s a (1 Psa) <-7TI7 [4 (2( s)]a =I

and the ret-variance -V2. of the synthetic, esti-
. _ xs

mate X, satisfies the inequality given by

16

m n (16)

9
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Since the first term in the right-hand side of

the relatipir (16) is the ,relative varian° ce of 2,
under conditions that the Paa are not subject.to
sampling error, the effect: of samplipE error in
the P'sa on the relative valiance of. X, would
threrefore be less than (1..7 tr )/(Priti), the
second term in the righih#nd side of relatiOn
(16). This is summarized in tableC.

As i3 seen in-table C, forball but one or tAo
of the -smallest States, ,the effect, of sampling .
variance in the II,. .on the relative 'ariance of
the 'synthetic estimator X,, would be quite
small.

The approximate Variance of X, the syn-
thetic estimator for subdomains, can be ex-
pressed in a form parallel .to expression (14) as

PE(E 0 +1. E
cgeu fiu Ita ns a eu

+ 2 2 zzlf Cov c,' , XL .) (17)
a < a' /su J su

a',aEu

Sampling variances of synthetic estimates of
HIS health characteristics for the &year period*"
1969-71 were obtained based on equations (14)
and (17) with the following two modificitions
Made to simplify the calcillationi:

Pa for all a, where P. repreients
the proportion of the U.S. population
in-z2ll a: That is, the proportion of the
population in any a cell is approximately,
the-same for all States.

Table C. Maximum contribution mills relative variance of of
- sampling variation in the Ps,

ns
.0001 .001 .01 .05 t .10

Maximum contribution ip the
relative variance of Xs

1,000, 10.00 ,1p0 .10 .019 .009
10,000 1.00 .10 .01 .0019 .0009
100,000 0.10 .01 .001 .00019 .00009

;0-

a

4

2. Coy- = for' all a < a', so that
the third term of equations (14) and

.(17) drops out. .

Under these assumptions equation (14) reduces
to'

50
1at r/ 02 + ..Y? Pc, (1

34( -ns

and equatiln (17) becomes,

r 0.2
P 2

X, cl`ru fu X0

+1 L3r) ,,,,009)
ns anti

fa
J u

where

fu = E
molt

Equations (18) and (19) were Ike expres-
sions used to _compute sampling errors for the
estimates in ,the report." Almost all. the esti-
mates had sampling errors that were very small
relative to the size of the estimates themselves.
The ,relatiye standard error (RSE), defined by

RSE (X) = ;$2

02

RSE (Xs) = su4,02

was 5 percent or less for virtually all statistics in
the report, even for the smallest States. Tile only
important exceptions occurred for estimates of
the proportion ofPersons in certain Population
subgroups who were unable to carry ,on major
activity. The most variable subgroup was the

17



,under-45 age group, where the RSE ranged from
7.4 percent for the entire United States to 10.4
percent for Alaska. The highest single RSE wast
11.6 percent for white persons in Alaska. Al-,
though-it may seem strange for State estimates
to have such small sampling errors, these *esti-
mates were essentially weighted averages of
national HIS estimates based on 3 years of data
collection.

Bias of synthetic estimator.The synthetic
estimator is a biased 'estimator with the bias
B(X,) given by

k

BV5)=. E 'Psa ( a -Xfra)
a = 1

(20)

where Ica is the true mean leyterof characteristic
X for demographic cell a in State s.

Regression-Adjusted Estima&---

Background.One of thebasic'llimitatioris
on the ,synthetic estimator, X, is that it is
adjusted only for the specific set of demographic
cells (or a .celfsl- taken into consideration. If the
parameter being estimated is influenced by vari-
ables other than those taken into consideration
by the a cells, then the synthetic estimator will
not reflect this influence. Often it is not possible
to include in the a-cell array all the variables
thought to be important because data on these
variables' are not, available 'in sufficient demo-
graphic detail. However, although particular

. s

variable might no{ se' tble to be used in the
synthetic estiinat9r, it can Often be taken into
consideration in other ways., id .1.11 'earlier arti-
de,7 a method was propoieCto take into tbn-
sideration such variables.-

Method of eitimatiOlz.Thet' method ore-
cnted below uses the' synthetic estimator. in
onjunction with a set , of ancillary variables`

zsi,..., zs, to produce an adjusted synthetic
estimator. In particular, ' we assume , the. linear
model given by

= a + 01 zsi + zs,'+.+-s (21)

wheTe 1', the perCentage difference between the_
synthetic estimate X, and the true value Xs of
chaActeristic X for State s is giyen by

.-j7=. ) 100,
X x

C xs

+7, = term representing randoM error,

Zs' Zsm = values of variables z1,,:., am for
States, an' d

a, R1, fl. = regression coefficients to beresti-
mated

If estimates a of a; 41.0f 131, ..., and 4, of pm
were available and substituted into the right -
hand side of equation (21), algebraic manipula-,
tion would result in an estimator 7e, of X, given
by

A es.

= Tc,, [1. +0.01 (6'e +On, zsi + +An zsm )1

Equation (21) states .that- the percentage
difference 1; between the synthetic, estimate X,
and the true Value Xs is a linear function of a set
of vanablectsi , zs,. For 'example, z I might
be the proportion of persons in'State
SMSA's; z52, the proportion of persons in State
s having family income-berow the poverty level,
and so forth. Equation (21)' expresses the con-
cept that except for random variation the per-

5

(22)

cel3tage difference between a s thetic estimate
and a true value is a linear fun n of a set of
variables z,l , . , z . The estimator given by
equation "(22) is called the regression-adjusted
estimator, and it was used and evaluated by
Levy7 in computing State estimates of deaths
from motor vehicles for the year 1960. In that

- study, it was found to be animprovernent over
the synthetic estimator. However, it can be used
only when relevant ancillary data are available.

4
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EVALUATION OF SYNtHETIC
ESTIMATES

Sabi( ground .

.A fundamental problem of the synthetic
estimation procedure has been the difficulty in
evaltiating the estimates- produced by this
methodology. Although expressions havf been
derived for estimating' the sampling variance of
synthetic estimates, it is much more difficult to
estimate the bias of a synthetic estimate, .and
since sampling errors are -often small for syn-
thetic estimates, the bias may often make the
largest contribution to the total mean square
error. A method has been developed, however,
by investigators at the . U:S. Bureau of -the'
Census9,I4 for estimating the mean square error
of synthetic estimates by somewhat indirect
means. . ,

.

Another consideration of importance in
th

ob-
taining synthetic estimates is ei sensitivity to
the particular set of a cells. used producing
them. Although a more , detailed a-cell grid
should produce synthetic estimates having lower
bias, the potential reduction in bias ma)? in fact
be smaWand may not justify the cost of obtain-
ing The detailed a-cell grid. This issue has-been
addressed in an empirical study using the syn-
thetic estimates bf disability, utilization of
health services; and limitation of activity based
on 1969-71 data from the Health Interview Sur-
vey anil is discussed in a later section.
. . . . . .

Estimation of Mean Square Entr (msg.)
angi Average Mean Square Eiror (AMU),
of Synthetic Estimates

A. procedure has been developed by W
berg and Gonzalez9 which enables the me
square error of a synthetic estimate to be esti-
mated provided that an unbiased estimate of
the same ' characteristic exists for the same
population which is uncorrelated ivith the syn-
thetic estimate. This procedure is developed by
means of theoremselow:

Theorem 6: Let estimate a arameter
with bias given by 4(Ys) and let r,
be an unbiaied

,

estimate of X,
. which is uncOrrelated with X.

12

Then the following relation is true:.

.E(X; t7,)2 = MSEt' + (23)

ts
where

MSE= = the mean s. uare errorx,
and

cti the variance of
xs

,...
Theorem 7: If X, is an estimateof:1-c with bias

given by S( s), if X's is unbiased
estimate of X, uncorrelated with Y,,
and i 52, is an unbiased estimate

5 s A
Yj of cr2 , then the estimate MSE=

R ... sx
given by

A _ tt.
MSEr= = (X's - X?

s
(24)

is-an unbiased estimate of MSE-.4 .

. Investigators at the Census Bureau have used
the relationship given by equation (24) to evalu-
ate synthetic estimates for certain variables such
as unemployment where independent estimates
are available. How9;er, a serious limitation on
the use of the estimated mean square error
MSEX as given in equation (24) is its likelY in-

.s
stability since 1.he.pnbiasefl estimate and theX' a th
estimate ilt! of its variance are both likely to

3E,

have large variances themselves, since, in all like-
lihood, they would be bases on relatively 'small

1 sample size. Aware df this, Gonzalez and Waks-
berg have introduced- the concept of evahoting
synthetic esti4ates" not by' their individual mean
square error's:Tint by the, ayer,ageAneih square
error (AMSP:of a set of -synthetic estimates.
Specificatlyi the AMSE of a set of-S synthetic
estimates is given by

19

s
Al4SE = iE ('s T02] (25)
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md is estimated withodf. bias by the expression,
atMSE, given by o a

e

S . S
= - r,)2 1 a%2 . (26)

This statistic has been used with eettain elabora-
tions bir Ceititi Bureau. inveidgators as 'the
:majOr criterion for evaluating synthetic esti-
mates: K,shortcoming ofis criterion, however,
is that it dots not yield aitstimate of the mean
square error for a specific synthetic estimate

' (e.g.; estimated unemployment in Ohio; 1976):
Rather,t gives the average mean square error a
set of asyn'thetic estimates.

Evaluation of.HIS Synthetic Estimates for
Alternative aell Grids

,-
Investigators at NCHS originally hoped t41,.'

-evaluate the'1969-71 HIS synthetic estimates 13.y4--
meansrof the AMSE criterion: However, there
was tr unbiased estimate uncorrelated with the
synthetic estimate that could be 'used' in equa-
tion (26). Although it is thought that the bias of
the nearly unbiased estimate_ discussed above is
likely to be small for IlfSvariables, and that the
correlation between the' synthetic estimate and
nearly unbiased qitilnate is also likely to be
small, the task of obtaining a ,reasonable esti-
mate-of its variance is difficult since it is often
based on data from one or two primary, sampling

\units.
The main thrust in the evaluation of the

1969-71 HIS synthetic estimates was anempiri-
cal investigation comparing synthetic estimates
based on the 50 a-cell grid used to obtain the
published 1969-71 synthetic estimates with
those obtained by collapsing the 50 cells into a
smaller grid. In particular, synthetic estimates
were obtained 'for the 50 State5ajnd the District
of Columbia based on (1) the total 50, a-cell
grid, (2) a 2 a-cell grid based onliOn sex, (3) a 4
a-cell grid based on age alone, (4) an 8 d -cell, grid
based on. sex and age, (5) a 16 a-cell grid based
On color, sex, and age, and (6) a 16 a-cell grid.
based one family income, sex, and age. The
Otithetic estimates produced _by_ each of the'
collapsed grids (sex, age, sex by age, sex by age

. and color, and sex by age and 'income) were
comnared With thtt synthetic estimates produced.

20

by the total 50 a-cell grid by.use of the follow-
ing summary statistics:

1*: The mean over all 56 States and the
'District of Columbia of the proportional

absolute difference i--.54 betWeen
Xs

A the synthetic' estimate x4i based on a
Earticular grid and the synthetic estimate

, based on the total 50 a7cell, grid
(table D).

. 2. The maximum +es all 50 Statesand the
District ofColtunbia Of tire proportional
absolute difference defined above (f,ble
E).

3. The correlation coefficient over all 50
States and the District of Columbia be-
tweed the synthetic estimate produced
by a collapsed grid with that produced
by the total grid (tabledF).

The mean proportional absolute difference.
(table 14, is a measure of the average relative_
differedce between synthetic'estimates produced
by a collapsed grid and those produced by the
total grid. For the HIS `variables considered in
this study, synthetic estimates produced by each
of the collapsed grids agreed closely by this cri-
terion with synthetic estimates produced by the
detailed 50 a-cell grid. For most of the 14 van -
bles in this study, the mean proportimial abso-
lute difference was less' than 5 percent, and the
worst agreement by this Criterion was shown by
the synthetic estimates produced by the a-cell
grid based t sex: In most cases, the synthetic
estimates based on age by sex,7age by sex and
color, and age, by sex and income did not show
substantially better agreement by this criterion
with those based on the total detailed grid than
the synthetic estimates based on age alone. '

,The maximum proportional absolute differ-
ence (table E), gives a feeling of the extent that
a single synthetic estimate based on a collapsed
grid might differ from the comparable synthetic
estimate based on the detailed 50-cell grid. The
magnitudes-of -tome of the statistics thown in
table E imply that in inevidual States, the grid
used to compute the synthetic estimates 'might
affect the size of the estimate, even though the

13
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Table D. Mesh proportional absolute aifferoncis between the synthetic estimate produced by the total 50 crsell grid and that prodOced
by other 0-cell Arils for selected Health In Survey (HIS) seriables, 1969-71

Hlevariable

4 grid

Sex
,S

Age
Sex
by

40*
1

Sex
by

color.

fTfe

Restricted activity days
Bed disability days
Work loss days -

Hospital discharges per 100 person year .
Average length of hospitalization
Percent of persons having one or more hospital episodes in a year . \
Percent of persons having one or more physician visits in a twit I
Niimber-of physician visits per person yril .#*"
PetTnt of persons having one or more dental visit( ire's year
Number of dental visits per person year v.
Percent not limited in activity J.

Percent in activity
Percent limited in amount or ki of major activity
PerCent unable to carry on major activity .

'028

.039
021
035

.01E1

008'
.02 T.%
.031
.056
.008
061
064

Mean P1Ortioisal ibsotu
ifference

;
.o2it

..032
.032
.008
.028
.007 .

.017

.026

.0,26

.008

0.008.008
.016
.031
456
.003
.021
.024
.058

.017

.025k

.025
A08

.068

.008

.016

.031
.055
.003
.021
.024

.015'.
..016

4032
7.003

.029

.025

.081

Sex -

by
in-

some
by,

. .

to

e -

A20
.021
.021
.008
.023
.006
.007
.017
.027
.062
.004,
..026
.027
.057i

Table E. Maximum proportional absolute differenCar betiveeh 'the synthetic estimate produced by the total 50 o-cell grid hnd that
produced by other a-cell grids for selected Health Interview Survey' (HIS) variables, 196971

HIS yariable

* f
, a& grid

Sex. Age

e

Sex
by
age

'Sax
bY

color
by
age

Sax

by
come

by
ago

Maximum proportional absolute
difference

Restricted activity drys .103 .073 .073 .136
Bed disability days .134 .088 .089 4.114 .170
Work loss days .21,6 .047 .140 4071 .211
Hospital discharges per 100 person years .7 4.055 A70 .624

(Average length of hospitalization .12819,/ .201 .203 .083 268
Potent of oolong hiving one or more hospital episodes in *year
Percent of persons having one or more physician visits ins year .(172

.057
/:$1

.Q73

.042
.026
.019

.020

.027
Number of physician visits per person year , , .104 .084. .088 .050' .048
Percent Ovations having one or more dental visits in a year .221 t-2?5 .237 -.058 .241
Niiniber of dental visits Per- Per$011 lARIA .382 '293, .398 .101

:402

Percant.not limited inactivity
Percent limited in activity

.037 .
.454

'.013'
.094

.013
.092

.014
.130

.021
.184 r

Perrit limited in amount or-kind of major activity s A :493 .088 .,..091 .122 .154
Percent unable to carry on major activity n £95 .233 .102 .264 A94

4
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111.4Table F. correlation coefficients between the synthetic ettimete produced by the total W-a-grid end that prdliuced by other a-cell
4 -19., grids for selected Heath Interview Survey (NISI variabitrs, 1 71 ° .

HIS variable
,

° ,a cell grid

Sex
Sex: by
by 1. color
age by c'

/Me

4h4
by
in-

come
by,

894

Restricted acti+iitidays
A

9ird4lissbiliirdeY8
Work loss diys i ... ' , .

Hospital discharges per 100 perscin years
, , 1Average length of hospitalization

Percent of Persons havingone or more hospital, episodes in ti year
Percent of persons having one or more physician visits in a year .
Number of physician visits per person year
Percent of persons having one or more dental visits in a year
Numborof dental visits per person year
Percent not limiter:1,in activity
Percent limited in activity
Percent liniitid in amount or kind of major activity r...;Percent unable to carry on major activity ;

Correlation coefficientiP- -
.89 .96 .96 .94 .93
94 -ss 96 .95; .S4

.$1 89 ..90 .96
88 .94 .97 .99 .99
$9,- .89 .89 .96 .87
.90 .98 .98 .99
.81 ...82 .81 .95 .91
.93 *-496 .96 .91r .98
.91 .90- .90, ..98` .92

, S5 tS5 .99 .96
.63 `., .95 .96 .m.95 .92
.61 .95 .95 ' .93 .93
.50 .94 . .94 Iv .93
£15' 04 ..94 .93 91

. ,

average proportional absolute differences are
small.

The correlation cos f.ficient between syn-
thetic estimates based on -the detailed 50-cell'
grid and those based on iless detailed grid (table
F) measures the strength of the' relationship be-
trweery the two sets of estimates. It is a measure

'4,

Vre.

'Ma

that is particularly 'appropriate whenit idesfted
to rank a set of estimates and .when the absolute
vIlues, of the estimates are of secondary interest.
Ip general, The correlations were quite high, with
estimates based on the 'sex grid showing the
lowest corfelitiona with

, those' based on the de-
,tailed grid.

4
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APPENDIX .

PROOF OF LEMMAS AND "11110i1EMS,

Lemma.1: The expectation EjX;) of the nearly
unbiased estimator X's is given by

vie E(Xs)=E nsi. X.i./ns..

where

s
x. Eh x /nsl .11.

average level of X in stratum j,

. =E
nn.4. .

s-.1

1

SF. the number of perions in stratum j,,

'Si

Zs/. = E nsjs sfiinsj.i

and

= average level of X in that portion of
stratum j which is in State s,

Xsii = the average level of characteristic X in
that portion of Stite s which iv in PSU i
of stratum j.

I

4

by

Proof

We note that the, expectation of X's is ive
. .

r.

(70= E(E'n4.-X;Ins.)

=E n E(r)Insi. s..

.
= E ns,.

since r. is an unbiased estimator of.X; .

11.

QED

Lemma2: The bias B(X') in the .nearly un-
biased estimate 1:: can be expressed
by

J ,
BA)=,E (X/.

PRI

or equivalently by .

ft

. , BaPD E
ns..

!f.4(x'

poi nil. "'

(24) -



'Proof
T

Since, by definition, the bias B(Xs.)
equal to .

. B( X' grs)..
where -

X's.

.

1 -

=E nsa. XSj. /nS..

average /level o'f X in Stdi4s, relation.(2A)
follows directly lemma 1 and the

.45

5

...c5 1 4 4
4

Lemma 3: Let us assume that the ratio nsii/nsi,. .

is the same 'for all PSU's in the sameIS , stratum4(.*
i. n the same State, Which inv.as

... t plies that . .

+7'

definition of Xs...

Lati.i 1
=

I_: for I= : . ,

Then the bias ) iiiythc "nearly" `unbiased
estimate X' has the form given by ,

.

B(Xs) =E-th E
n /We note that e i ,..j= si 1.1

. .
.71, ,-- _...:. ... 1...

_ Proof : .

, I

The results follow directly
°OA) 'and lemma 2. \. .1.: _ xn=om (4A) '

,

....o

\
. ..1.\ QI ED -

, .,
i=i si - .1,-.`-' / n ,, sis

.
.r.\....

Therefore, re. itiont (3A) follows frornrlation. 40, °
-715

/
.i 1 A(2A) by substitution of relation (4A) into rela. Theorem 4: ,If -=-2- = for i=. n .-, ti oh (2A). S i . S i

,,Xsx-xs,- .

QED ,

(6A) 0 1*.
S t

fronil. relation

, /si, then

B2 (X:), the' squa e ofdhe bias in
Y's, is givellty the expression

71- 712. '02_ / n2" i n2, I. i.wr,-,

, .
B2 (Xs) = E _fp. 2/..! +E _.,./:. -,_ (ye ._Fc . )2+ 2 F Lths .... -5-. 2, (5 . _,--c ..) If . -j-e- ....)i., _n,.. '15i " .1.1 nf.. Jai ,.-..s!, via/. e o- i741 4.. If 7:1 .J. Sp % .). sji .e.

1

. G . 1 1,1 Irk
12 s .nk v Iv 17 x N"' t V+2 -E E 7 L..4 I' .j."sli 1 La' VI. k:/sk i)N,,. (7A)e ' i-- j =1 k<j q...isjsk is! 0=1.t '1

. _ .

E

Proof

By addii and subtracting X4,, to the right:
. ;

hand side of relation (6Mw4 Obtain
-Ns

mx;)%E-ILx/si

_ 26
,

A

ISi

E (X -Ye 1"-FIC - X . (8A)si si sit
* 1

4

19



.
Squaring the right-hand side of relation -(8A), we obtain

O

82(rs)= [q1.44.)+ (14. 4.1i)1
isj.

ns.

=E -If
1 E EcNO-x .r

j001 ns., ft 0.1 4. sijx,o)] .4.2E E n
2s)

n En2. Isi 2 sj1-

i= 1

i n2 1st , o . J n2. ; I.
\--, ...N.:: J E g .4. x. 2 + 2 r 2.& E E

(

:sie- siii 11 n2pet s.. sj jai r 'I.< iLs n2 7p.1 5.. -si i ' .1. si. '
. ,

.

. , .

r- < 1 ., Isk
.. . A

j c. n tIsk. 51 ,,. + 2 E L. -1L-.E A1.-.Y511)E (X.k, sks, - h2 ', .1
i= 1 k<j s.. sj sk s 1

r

(x.J.xs,i) EE
13,1

(X.1.4511) (1.11.451( )

L

1'

, .Y 'n2. t

Ir n2 14 7sjsF. 4 E (-g .)2

,---.., LN v

= -V.. 2*La -71 X (Xs.
n2. si{ /

,!' jai 1 n.12. Si .ili I I.
1

,

J'. 4,; 1-
-tn )

.0 ri

sj

.i.)2fE(X511-r51.)2]
1

a2..j (10A)

Therefo , by appropriate substitution -of rela-
tioni (10 'nto (9A), tae obtain the form speci-
fied by equirion (7A).

QED
-1

.

by

Xs a =1
at =Nu E r

9

1`

k

= E Var (Pscarc;)
a.=1

+2 E co'v (Ps. , (nA)

)
reduces to

k
02 E p2_ a2

xc,'

+ 2 E
1 . - a<ci

eorem -5: Ii the P;c: are independent of the
..3:-

. Xia , then . the variance of 2s given " for large valtlesof n
...

20'

k
4AW

-1-h E ft Rsci)Pso
s **I

Coy (ra r,.) (12A.4

27
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I

Proof

The second; term in the right-hand side of
equation (11A) is giverfgr-

Gov (P:c, XL, P., Nice)

E(Pisa'TY:, Pisa' 54') E(P.:a IlL)E(Psa't)

= E(P;$2 P;.,)E(r.

E(Pisa)E(P:isa'ArfLg(Xia')

since P', is independent of .X,' .

But- -

(13A)

E (P:.) = Ps. (the true prqportion of State; fall-
ing into celia), and

.

where

P a Ps'Cov (pc. s
n$

ag

(14A)

1

the sample size in State s used for estimat-
Mg the P, (e.g., for a State having 1 million
persons and for the 1-Percent Public Use

_Sample Tapes, n, =10,000).

Therefore, alig

E(P;a Coy P'sa') E{P.:0APsa')

Coin (Pisa 2:s Psa' 2L')= Psa Psa' [Elgia XL')
z

E(K.W(XL,)] =P Pg., tov(XL, X:,), (17A)

P P gsag sa DPa.
sa

ris

IP
and for large n,

n, - 1
P Ps., (15A)

yr , .

E(P1sa so,) P.., (16A). s a Paa',

from (equations (13A) and (16A)

248

Hansen, Hurwitz, anal Madowl5 show that

Var (Ps., )

X la[Var Var

Pfa

which reduces to

Var(PL,

Since

k

+
2 Coy (Tt;, P's.)]

Xa Psa.

IVar Psa ,Vax Xa
)4.. PL X! th + X2 (18A)

Coy , Pia )

and this reduces further to a f given by

V ir (Ps. X ) 4.. X! var Psc,' Var

Xa psc, (1 Pso
+ P2 (12ns sa

Substituting 'equations (17A) and (19A) into
equation (11A), ,

a2
k

a = 1
Pf. 2 E

sog 1
135.) Ps,.

,

+ 2 E Ps. pc., Coy, ,
<ass .091,

QED.

Theorem 6: Let Xs. <estimate a parameter k
...

with bias given by B(4), and let
an' unbiased estimate'of Xs

which isr uncorrelated with X,.
Then the following relation is true

E(X: )2.= 114SEfs + 02x, (20A)

NOTE: A listof references follows the text.

21-
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yr
where

Peo

MSEI = the mean square error of X

and

a2 = she variance of X's.
.7t;

Proof

grs ks)2 E Xs) + (X\

= E(X's X5)2 + g(Xs Is)2

2 E(Xs Xs)(1s Xs)

Eq; XX. = 02s

r

Also, it Carl be shown that

E(X's Xs) (Is - Xs) = 2i) ft'

+8(8(X5) 0
since Tes and XS are uncorrelated and B(rsi= fhlis

QED

Theorem 7: 4f Xs is an estimate of .X, with bias -I

given by B(Xs), if X's is an un-
biased_estimate of Xs uncorrelated
with Xs,, .if 62 is an unbiaseds. I;
estimate of 172 , then the estimate
/-\ ir's

MEI given by

MS/\EI
s
= g 's Xs? 212 ' (21A)

;

isan unbia$ed estimate of MSEt.
s

Proof '.. ,

...
y, Proof follows directly from theorenv6.

.1°

E(Xs - 15)2 =MSEt..
.r,

QED

ill
000
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. front these sample surveys hued on vital records wllrbe inchicird in Series 20 and 21, respectively.. '

:
Sakes 23. Data from the National Survey of Family Growth.-Statistics onfertility; family formation and dicim-

laden, family planning, and related maternal and infant health- topics derived from a biennialsurviy of
i

a nationwide probability Minnie of ever-Married women 15-44 years of age. "

For a liat of titles Of reports published in these series, write to: Siientifieind Technical Informition Brine& ,
- National Center for Health Staditica

. - Public Health- Service . y
' Hyattsville;140: 20782 :. -


